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Abstract. The geometry arising from Michelson & Strominger's 
study of 'N — AB supersymmetric quantum mechanics with su- 
perconformal D{2, 1; a)-symmetry is a hyperKahler manifold with 
torsion (HKT) together with a special homothety. It is shown 
that different parameters a are related via changes in potentials 
for the HKT target spaces. For a ^ 0,-1, we describe how each 
such HKT manifold M^™ is derived from a space TV'*™"'* which is 
quaternionic Kahler with torsion and carries an Abelian instanton. 



1. Introduction 

In the study of two-dimensional sigma models a variety of different 
quaternionic geometries arise on the target spaces. In the presence of a 
Wess-Zumino term the metric connections have non-zero torsion. For 
!N = 4B rigid supersymmetry the target space carries an HKT structure: 
the geometry of a hyperKahler connection with totally skew symmetric 
torsion [|]. For IN" = 4B local symmetry the resulting geometry is 
known as QKT (quaternionic Kahler with torsion). The mathematical 
background of HKT geometry was reported in f^, where many examples 
were constructed. Mathematical discussion of QKT geometry may be 
found in ||^]. 

Through the work of Maldacena § there has been much interest in 
field theories with superconformal symmetry. Michelson & Strominger 
showed that for 3Nf = 4B rigid supersymmetry examples of quantum 
mechanical systems in one dimension with actions of the superconfor- 
mal groups D{2,1; a) may be obtained. As discussed in ||2|, D{2,l;a) 
has su(2) ©su(2) as its algebra of R-symmetries and -D(2, 1; —2) is the 
supergroup Osp(4|2). On the target space, Michelson & Strominger 
§ show that the HKT manifold (locally) has a certain vector field X 
generating one homothety and three isometrics, see equations (p.2|) . In 
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this paper we investigate the geometry of an HKT manifold with such 



a vector field. In ||T2|, we showed that the length-squared of X gives 
a potential /x for the HKT metric. By transforming jj, we show in ^ 
that D(2, 1; a)-symmetries for different values of a are closely related. 
In particular, if an HKT manifold has a vector field X generating a 
D(2, 1; Q;)-symmetry with a < and a ^ —1, then the same mani- 
fold carries HKT metrics with D(2, 1; a')-symmetry for each a' < 0. 
Similarly, any a' > may be obtained from any other a > 0. 

In ^ we show that the vector fields generate an infinitesimal action 
of the non-zero quaternions H* and that the quotient iV" = M/H* 
carries a QKT metric. It turns out, §|5|, that this QKT manifold comes 
equipped with an instanton connection on its bundle A'^"r*iV of vol- 
ume forms. Locally QKT metrics inducing instanton connections exist 
on any quaternionic manifold, and from such a geometry in dimen- 
sion 4n we construct in §^ HKT metrics with D(2, 1; a)-symmetry in 
dimension 4n + 4. As an interesting special case, we obtain HKT met- 
rics with -D(2, 1; l)-symmetry over each quaternionic Kahler manifold 
of negative scalar curvature. 

Both the discussion of the parameter change for -D(2, 1; a)-symmetry 
and the bundle constructions relating QKT and HKT geometries natu- 
rally introduce pseudo-Riemannian structures. We therefore deal with 
HKT geometry in this generality from the outset. 

If one sets the torsion to zero in this paper, then one recovers the con- 



structions of |T3|, relating quaternionic Kahler manifolds to hyperKah- 
ler manifolds with D(2, 1; — 2)-symmetry and hyperKahler potentials. 
This case is relevant to the discussion of superconformal symmetry in 
!N = 2 quantum mechanics 
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2. Potentials and Superconformal Symmetry 

Let (M, (yf, J, J, K) be an HKT manifold of dimension 4m and sig- 
nature (4p, 4g). This means that /, J and K are integrable complex 
structures satisfying the quaternion identities, (7 is a hyper-Hermitian 
metric of signature (4p, 4g) and there is an Sp(p, g)-connection V whose 



SUPERCONFORMAL SYMMETRY AND HKT MANIFOLDS 3 



torsion tensor 

c{X,Y,Z)=g{X,T{Y,Z)) 

is totally skew, where T{X, Y) = VxY - VyX - [X, ¥]. The integra- 
bility of / implies 

T{IX, lY) - IT{IX, Y) - IT{X, lY) - T{X, Y) = (2.1) 

and that c is of type (2, 1)/ + (1, 2)/. Note that for a given {g, I, J, K) 
there is at most one HKT connection V, sometimes called the Bismut 
connection. 

We set Fi{X, Y) = g{IX, Y) and define dj on r-forms by 

where //? = /■, . . . , — /■)• Similar forms and operators are defined 
for J and K. With these conventions the torsion satisfies 

-c = djFi = djFj = dxFx. 

A potential for an HKT structure is a function such that 

Fi = \{ddi + djdK)lJ^, etc. 

Note that ddjfi = didfi and djdxfi = —Jdldfi. 

In 1^, Corollary 4] it is shown that locally any hypercomplex mani- 
fold (M, /, J, K) admits a compatible HKT metric with potential. On 
the other hand, Michelson & Strominger Appendix C] show that for 
any open set of M'^™ = H"* with the standard complex structures J, J 
and K, any compatible HKT metric admits a potential. It is an open 
question whether general HKT structures admit potentials locally. In 



||T2| it was shown that those with D(2, 1; a)-symmetry do. Here we 
summarise that discussion. 

Suppose we have an HKT manifold with a vector field X satisfying 

Lxg = ag (2.2a) 

Lixg = 0, etc., (2.2b) 

Ljxl = 0, etc., (2.2c) 

LixJ = bK, etc., (2. 2d) 

where a, 6 G M are constants and "etc." means that the versions of 
equations (|2.2b| - pl2d|) obtained by cyclically permuting I, J and K 
also hold. By rescaling X we may alter the constants a and 6, but the 
point [a,b] G ]RP(1) U {(0,0)} remains fixed. We call a vector field X 
satisfying (|2.2| ) a special homothety of type {a,b). 

In the notation of 0, HKT geometry with this symmetry arises from 
a quantum mechanical system with -D(2, 1; a;)-symmetry where a + 1 = 
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a/h. For the standard flat metric on = M"^™, the vector fleld X is 
given by dilation. This case has a = 2, 6 = — 2 and a = —2. 

For a vector field X satisfying equations ( |2.2aj) and ( |2.2b|) on an HKT 
manifold, it was shown in ||12| that 

VX = iaid, 

where V is the torsion connection. 

Lemma 2.1. If a ^ 0, then the one-form X^ is exact, g{X,X) is 
non-constant and X _ic = 0. 

Proof. Since V is a metric connection, we have 

dig{X, X)) = 2g{yX, X) = ag{; X) = aX\ 

using the Lemma above. This gives that X'^ is exact and g{X.,X) is 
non-constant. Now X^ is closed, so 

= dX\Y, Z) = giVyX, Z) - g{VzX, Y) + g{X, T{Y, Z)) 
= c{X,Y,Z), 

as required. □ 

Equations ( |2.2d|) and ( p.2b|) give 

JXjc - J(JXjc) = -(a + (2.3) 

which together with the Lemma is the basis for the proof of the follow- 
ing result. 

Theorem 2.2 (||T3)- If X is a special homothety of type {a,b) with 
a ^ 0,b, then the function 

2 

a[a — b) 

is an HKT potential. □ 

3. Parameter Changes 

Suppose M is an HKT manifold with potential fi. If / is a smooth 
function then Grantcharov & Poon ^ showed that 

gf = nf^)g+y"ifi)id''fir (3.1) 

is an HKT metric with potential /(/i) whenever gf is non-degenerate, 
where {cF^Y = diJ? + {Id^Y + (Jdfi)"^ + {Kdfi)"^. (Our conventions 
give slightly different coefficients to those in f^.) Such transformations 
^ /(/i) allow us to relate HKT structures with different Z)(2, 1; a)- 
symmetries, perhaps at the cost of changing the signature of the metric. 
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Proposition 3.1. Let (M, g, V, X) be an HKT manifold with a special 
homothety X of type {a,b), a 7^ 0,6, and let jj, be the potential found 
in Theorem \2.2^ . Suppose f is a smooth real-valued function. Then 
f{fi) is a potential for an HKT metric Qf with X a special homothety 
of type (a', b') if either 

(a) /(/w) = ^ 7^ 0, b/a, {a', b') = {ka, b) or 

(b) /(/i)=log|/i|, (a',6') = (0,6). 

Up to homothety, these are the only possibilities for gj . 

Note that gj is only defined away from the set = 0. 

Proof. It is sufficient to determine when X is a homothety for the 
metric gf of As Lxdfi = adfi, we have 

Lxgf = a {^j^i + 1^ f'g + a (^^f, + 2^ if 
So X is conformal only if 

The left-hand side of this equation is — log \ f" / f'\, so /"//' = {k — 

l)yU"^ for some k. As /"/ /' = ^ log |/'|, integration gives f = A 
The constant A only scales gj by a constant, so we may take A = ±1. 
Note that X now scales 5^/ by a constant. Finally, we may integrate 
one more time to get the desired functions. 
From the form of gf we have 

9\^\''iX,X) = l^ ksgufi g{X, X), 

9\f,\'=iY,Y) = ksgnu g{Y,Y), 

when Y is (/-orthogonal to the quaternionic span of X. Thus ka — b 
needs to be non-zero to ensure a non-degenerate metric. □ 

When /i is positive we see that g^j^k has the same signature as g if and 
only ii ka — b has the same sign as a — 6. For /(/x) = log /i we have 

gio,,iX,X) = gio,,{Y,Y) = ^g{Y,Y), 

which has the signature of g only if b and b — a have the same sign. 
Recalling that a = —1 + a/b, we have: 

Corollary 3.2. Let M be a definite HKT manifold with a nowhere zero 
special vector field generating a D{2,1; a) -symmetry, with a finite. 
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1. If a > then for each a' > the hypercomplex manifold M also 
admits a definite HKT metric generating a D{2,1; a') -symmetry. 

2. If a < and a 7^ —1 then M also admits a definite HKT metric 
with D{2,1] a') -symmetry for each a' < 0. 

Proof. By rescaling we may choose the special homothety X to have 
type (a, 1). By replacing g by —g if necessary, we may also ensure 
that /i > 0. The transformations ^ ^ {i^ give the desired metrics for 
a' 7^ —1. The case a' = — 1 is obtained as giog^j. when a < and 

□ 

Remark 3.3. Locally, one may change the parameter in a -D(2, 1; — 1)- 
symmetry only if X jc = 0. In this situation the distribution orthogonal 
to X is integrable and we may locally solve the equation dfi = fxX'^ to 
obtain an HKT potential /i. This may be used to form (7^2 which has 
X special homothety of type {g{X, X),b). 

4. The QKT Quotient 

Let us first define what is meant by a QKT structure on a manifold N 
of dimension 4n. 

The data consists of a metric g, a connection and subbundle S of 
EndTN. The bundle S should locally have a linear basis {In, Jn, Kjy} 
satisfying the quaternion relations lli = 3% = K"^ = — 1 and InJn = 
Kn = —JnIn- Call such a triple {In, Jn, Kn} a quaternion basis 
for S. The metric g is required to be Hermitian with respect to each of 
these basis elements In, Jn and Kn- The pair {g, S) thus constitutes 
an almost quaternion Hermitian manifold. 

The connection should be metric, V'^g = 0, and quaternionic, 
so V^In is a linear combination of Jn and Kn. In addition its torsion 
tensor should be totally skew and of type (2, 1) + (1, 2) with respect 
to each In- If these conditions are satisfied then {g, S, V^) is called a 
QKT structure. 

Note that, the type condition is the same as saying that the torsion 
satisfies the relation (|2.1|) for each choice of I = In- 

Lemma 4.1. If X is a special homothety of type {a,b) with a,b ^ 0, 
then X, IX, JX, KX generate a local action o/H*. 

Proof. We compute the Lie brackets. First, 

[X, IX] = Vx(/X) - VjxX - T(X, IX) 
= \aIX - \aIX = 0, 
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SO X is central. For the remainder we have 

[IX, JX] = VixJX - VjxIX - T{IX, JX) 

= -aKX -T{IX,JX). 

However, equation ( |2.3| ) gives 

c(/X, JX, Z) = -c{IX, X, JZ) - (a + b)Fj{JX, Z) 

= -{a + h){KX)\Z) 

and hence [/X, JX] = bKX. □ 

Remark 4.2. When a = 0, one can show that X, IX, JX, KX generate 
a local action of H* if X jc = 0. In this situation one has VX = 0, so 
[X, IX] = if and only if Xjc = 0. The relation [IX, JX] = -b{KXf 
follows from (|2.3| ). 



Theorem 4.3. Let M*^*" be an HKT manifold with a special homothety 
X of type (a, b) with a, b, unequal and potential jj, from Theorem \2.^ . 
Suppose that the vector fields IX, JX,KX are complete and let Sp(l) 
be the corresponding subgroup o/H*. For x ^ 0, the group Sp(l) acts 
semi-freely on ii~^{x) and the quotient ji^^{x)/ Sp(l) is a QKT orbifold. 

The proof will occupy the rest of this section. First note that as 
fx = 2g{X, X)/ (a{a — b)) and d/i = 2X^/{a — b), each x 7^ is a 
regular value of /i and X is not null on jjT^^x). The group Sp(l) acts 
semi-freely on 

S = n'^{x), 

since IX preserves g and commutes with X. The action of Sp(l) is 
isometric by (|2.2bD , so we get a Riemannian metric gN on the quotient 



N = S/ Sp(l). Let 7t: S ^ N he the projection and write i\ S M 
for the inclusion. 

We define local almost complex structures In, Jn and on N as 
follows. Since kervr* is spanned by IX, JX and KX, the horizontal 
distribution "K = (ker tt*)-*- C TS is of dimension 4n, where n = m — 1 
and is preserved by I, J and K. Thus each point s G 7r^^(p) defines 
a triple In,Jn,Kn of almost complex structures on TpN = "Kg. If 
s' is another point of 7r~^(p), then s' = gs for some g G Sp(l). But 
the action of g permutes J, J and K, so the almost complex struc- 
tures I'^, J'j^, K'^ determined by s' are linear combinations of In, Jn 
and Kn- The metric gN is. Hermitian with respect to each of these 
almost complex structures. 

In order to construct a QKT structure on N we need a connec- 
tion V^. On M we have V = V^'^ + ^T, where V^*^ is the Levi-Civita 
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connection of g. This equation is also valid on S, since Lemma |2]T| says 
that Xjc = 0, so T has no component normal to S. In particular, S 
with the induced metric naturally carries a metric connection whose 
torsion is skew. 

Now on 5, the Sp(l)-action is isometric, and so preserves the Levi- 
Civita connection. On the other hand the torsion T is Sp(l)-invariant. 
To see this, first note that for a two-form (3 we have 

Lix{Jl3){Y, Z) = {IX){P{JY, JZ)) - I3{J[IX, F], JZ) 

-(3{JY,J[IX,Z]) 
= {IX){I3{JY, JZ)) - (3{[IX, JY] - bKY, JZ) 

- f3{JY, [IX, JZ] - bKZ) 
= J{LixP){Y, Z) + bp{KY, JZ) + bPiJY, KZ). 

If (3 is of type (1, 1)/ then this simplifies to Lix{J(3) = JLjxP- Taking 
P = didfi, we now have 

Ljxc = —jLjxdidjdxft = jdjLjxJdldfi 

= —^djdjdxLixl^ = 0. 

We define by 

V^B = tt.VaB, 

where A and B are the Sp(l)-invariant lifts of A and -B on to IK C 
TS. By the above discussion, we have 

V^B = Vf'''B + UB, 

where C,aB = i7r^T(y4, B) and V'^'^'^ is the Levi-Civita connection 
of g'^ . Since the torsion T is Sp(l)-invariant, we see that is well- 
defined. Also the torsion three-tensor is 

c^{A,B,C) =c{A,B,C), 

so is skew symmetric and of type (2, 1) + (1, 2) for each almost 
complex structure 1^. 

Finally, we need to check that preserves the metric and almost 
complex structures. As I^A = TT^{{rI + sJ + tK)A) for some functions 
r, s and t on S, we have 

V^(r/ + sJ + tK)B - {rl + sJ + tK)V ^B 



{V^Ix){B) = n, 



= n,{{Ar)I + {As) J + {At)K)B, 
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which is a linear combination of InB, JnB and K^B. Thus V"^ is 
quaternionic. Looking at g^^, we get 

7r*(V^^^)(A, B, C) = 7r*(A^^(5, C) - g'^iV^B, C) 

-g''{B,W^C)) 
= (V^)(AS,(7)=0, 

so is metric. 

As the has type (2,1) + (1,2) for each In, we see that is 
QKT. □ 



5. The Geometry of the Quotient 

Let N be the QKT quotient constructed in the previous section. Here 
we will investigate special properties of this manifold. First note that 
if the HKT metric has signature (4p, 4^) then the metric on N has 
signature (4p - 4, 4g) if g{X, X) > or (4p, 4g - 4) if g{X, X) < 0. In 
particular, the metric on N may be definite even if the original HKT 
metric on M is not. 

Since V"^ is a quaternionic connection we have that the curvature 
satisfies 

Ra,bIn = -Pk{A, B)Jm + l3j{A, B)Kn, etc. (5.1) 
for some two-forms /3j and (3k- 

Proposition 5.1. Pi is of type (1, 1) with respect to In- 

Proof. Write A = tx^A and In A = n^{{rl + sJ + tK)A) as the push- 
forward of invariant vector fields on S. Then rl + sJ + tK is invariant 
under the action of IX, JX and KX, and we have 

Q = Lix{rl + sJ + tK) 
= {{IX)r)I + {{IX)s)J + {{IX)t)K + hsK - btJ, 

so (IX)r = 0, (IX)s = bt and (IX)t = —bs. Further such relations 
are obtained by considering the Lie derivative with respect to JX and 
KX. 
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The curvature R^^In pulls-back to 

{[A, BYr)I + ([i, J + ([i, B\'t)K 

'g{[A,BiIX){{IX)r) 



1 



9{X,X) 



+ g{[A,BlJX){{JX)r) 
+ g{[A, B],KX){{KX)r)y + etc. 

-gi[A, B], JX)tI + g{[A, B], KX)sI 

+ g{\A, Bl IX)tJ - g{\A, B], KX)rJ 
- g{\A, B], IX)sK + g{\A, B], JX)rK \. 



Evaluating at (r, s, t) = (1, 0, 0) we see that (3j is given by 

g{\A, Bl JX) = giV^B - V^i - T{A, B), JX) 
= Ag{B,JX)-g{B,VjiJX) 

-Bg{A,JX) + g{A,Vj^JX) 

-c{A,B,JX) 
= -aFj{A, B) - c(i, B, JX) 

= - — -dJdfiiA, B), 

which is of type (1, 1) j. □ 

To understand this curvature better we need to consider the rela- 
tionship of the torsion connection with the underlying quaternionic 
geometry. 

First recall that HKT structures are built on top of hypercomplex 
structures. In ||T0| Obata showed that a hypercomplex manifold admits 
a unique torsion-free connection V*^'' preserving the complex struc- 
tures. Similarly, a QKT manifold admits torsion-free connections pre- 
serving the quaternionic structure; these are no longer unique but form 
an aflfine space modelled on the one-forms. 



Lemma 5.2. Suppose {Q, S) is an almost quaternionic manifold and 
that T G T{A'^T*Q ® TQ) is a tensor satisfying equation (2J.) with 
respect to almost complex structures I, J, K forming a quaternion basis 
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of g. Define ^ G rT*Q ® End{TQ) by 
iyZ=-\T{Y,Z) 

+ I [IT{Y, IZ) + JT{Y, JZ) + KT{Y, KZ) 

- /T(/F, Z) - JT( JF, Z) - KT{KY, Z)) 

- ^ {IT{JY, KZ) + JT{KY, IZ) + KT(/F, JZ) 

- IT{KY, JZ) - JT{IY, KZ) - KT{JY, IZ)) . 

Then ^ satisfies 

1. ^yZ-^zY = T{Y,Z), 

2. a = 0, 

3. C, is independent of the choice of quaternion basis {I, J, K} for S. 

□ 

The proof of the Lemma and the following Proposition are straight- 
forward computations. 

Proposition 5.3. Let {N, S, V) be a QKT manifold. Set 

v'' = v + e, 



where ^ is given by Lemma ISTSj . Then V is a torsion-free quaternionic 
connection on N with VM = VA, for each local section A of S- CH 

The uniqueness of the Obata connection now gives: 

Corollary 5.4. Let (M, V) be an HKT manifold. Then the Obata con- 
nection is given byV^'' = V + ^ with ^ defined in Lemma \5. 2. □ 

The above Proposition is useful as it allows us to apply information 
about quaternionic curvature from the work of Alekseevsky & Marchi- 
afava to give an interpretation of Proposition [5Tl] . 

First consider the case when dimA^ > 4. As V is a quaternionic 
connection, its curvature R'^ may be written as 

R^ = R^ + (5.2) 

where is an algebraic curvature tensor for 5[(n, H) and R^ is deter- 
mined by an element B G V{T*N ®T*N). The component is inde- 
pendent of the choice of the torsion-free quaternionic connection and 
acts trivially both on S and the real canonical bundle hF" = A^"T*A^. 
The curvature of S is 

PjiY, Z) = 2{B{Y, InZ) - B{Z, I^Y)) . 

Write 2B = A}'^ + A^'° + a]'VaJ'° according to the splittings of A2T*A^ 
and S'^T*N with respect to /. Here Aj'" denotes the component of the 

2 2 

skew-symmetric part of 2B in Aj N + Aj N, and similar notation is 
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used for a. We have /3/ = cr]'^(-,/-) + Aj°(-, /■). Proposition |5TT| thus 



implies that = for all /, i.e., the skew-part of B is of type (1, 1) 
for all /. However, the skew-part of B is the curvature of on hF^. 
Thus the curvature of is of type (1, 1) for all /. In other words V 
induces a instanton connection on i^. 

For a four-manifold, the decomposition ( |5.2|) has an extra term 
the anti-self-dual part of the Weyl curvature. If we assume W_ = 
0, then the above analysis applies also in dimension four. 

Definition 5.5. Let be a QKT manifold. If dimiV = 4 suppose in 
addition that is self-dual. We say that is of instanton type if V*^ 
induces an instanton connection on the real canonical bundle k^. 



Remark 5.6. Comparing with quaternionic or quaternionic Kahler ge- 
ometry it would have been natural to include self-duality in the defini- 
tion of QKT manifolds for dimension four. However, that goes against 
the established definitions in the QKT literature. 

Note that the above discussion implies that QKT manifolds of in- 
stanton type are precisely those for which the curvature forms (3i are 
of type (1, 1)/. We summarise the above discussion in the following 
result. 

Theorem 5.7. Let N be a QKT manifold which is an M* -quotient of 
an HKT manifold as in Theorem Then N is of instanton type. □ 

This condition may related to the torsion of the QKT manifold as 
follows. Recall that there is a torsion one-form t given by 

4n 

r(A) = i^c^(/Ae„/e,), 

i=l 

where {cj} is an orthonormal basis for TN. This one-form is indepen- 
dent of / and globally defined [0]. 

Proposition 5.8. Let N be a QKT manifold. If dim N = 4, suppose 
also that N is self-dual. Then N is of instanton type if and only if its 
torsion one-form r satisfies dr G f]/^/'^- 

Proof. As V is a metric connection, we have that V^vol^ = ^ ■ vol^ = 
Si=i 9^ {i^i-, ei)vol^. Let {/i, . . . , /„} be an orthonormal quaternionic 
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basis for TN . Then 

4n n 

i=i j=i 

n 

i=i 

- 3^ (c^( JA, ir/,-, //,) + c^(irA, //,, J/,) + c^(M, J/,, Kf)) 
- c^(irA, J/,, //,) - c^(M, ir/,-, J/,) - c^( JA, J/,, K/,)) 

n 

+ JA, //,) + c^'iKA, f), Kfj) + c'^iKA, If J, Jf)) 
= -IriA). 

Thus the curvature of hz^ is —^dr, giving the result. □ 

6. An Inverse Construction 
Let A^"^" be a QKT manifold of instanton type. We follow the con- 



structions and notation of ||T3l- Set U{N) to be the bundle 

U{N) = Pxspin)spii) H7{±1}, 

where P is the principal Sp{n) Sp(l)-bundle of frames over N. This is 
a real line bundle over the bundle S(A^) of quaternion bases for S. Let 
u be the connection one-form on P defined by the torsion-connection V. 
As V is an Sp{n) Sp(l)-connection, a; takes values in sp{n) ©sp(l). Let 
a;_ be the 5p(l) = ImH part of lj. The form u;_ defines a splitting of 
TU{N) = % + V, with J{ ^ TpN and V = H. The projection to S{N) 
defines three almost complex structures on "K. Combining these with 
those on V one gets a hypercomplex structure on IL{N). This follows 
from the results of ||Tl]|, since Proposition pT3| shows that U- extends to 
a torsion-free quaternionic connection and U{N) is 'U(„_i)/„(A^) twisted 
by the instanton bundle (fi;R)-i/4(n+i)_ 
Consider the function 

on U{N), where x is the quaternionic coordinate on H*. Then dfi = 
xip + ipx, where ip = dx — xuj^, and so Idfi = —xipi + iipx. Thus we 
have 

didfi = —ifj A t/ji — ii/j A ijj — xfl-xi — ixQ-X, 
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where Q- = duj-+Lj^Auj^ = —\{f3ii+[3jj+(3Kk) is the sp(l)-curvature. 

The function /i is an HKT potential if Fi = ^{dld — Jdld)fi defines a 
Kahler form for I associated to a non-degenerate metric via g{I-,-) = 
Fi{-, ■). Vertically, Fj is given by the terms and is the Kahler form 
of the flat structure on H*. 

Horizontally, we get a condition on f2_ . At x = 1 the horizontal part 
of Fj is ^{(3i—J(3j). As is of instanton type we have f3j = cr]'^{-, /■), in 
the notation of the previous section. This gives that the horizontal part 
of 5^ at a; = 1 is — 1(1 + Jn)^']'^ = c"'', where a"^ is the component of the 
symmetric part of —2B that is of type (1, 1) for each Ijy. For general x, 
the horizontal part of g is now xxa'^. We call a'' = — Jm(3i){-, In-) 
the curvature metric of A^. Recall that is defined by equation ( |5.1| ) 
and so we have 

4n 
i=l 

The group H* acts on IX(A^) via left-multiplication and generates a 
special homothety of type (2, —2), i.e., we have a Z)(2, 1; — 2)-symmetry. 
Using the results of ^ we now obtain HKT structures with _D(2, 1; a)- 
symmetry for other values of a. 

Theorem 6.1. Let N be a QKT manifold of instanton type whose cur- 
vature metric is non- degenerate of signature (4p, 4g). Then 'U(A^) car- 
ries an HKT structures with D{2,1; a) -symmetry for each a ^ 0. For 
a < the metric has signature (4p + 4, 4g); for a > the signature 
is (4g + 4, Ap) . □ 

Example 6.2. If A^ is a quaternionic Kahler manifold with non-zero 
scalar curvature s, then the curvature metric is a'^ = s'g^ , where s' is 
a positive dimension-dependent multiple of s. The HKT structure on 
U{N) is thus positive definite exactly when sa < 0. In [1^ it was 
shown that the metric constructed from fi = xx is hyperKahler with 
D{2, 1; -2)-symmetry. For A^ = HP(n), we have It(A^) = H"+V{±1} 
with the fiat hyperKahler metric. For A^ = E[H(n), or any other quater- 
nionic Kahler manifold of negative scalar curvature, the hyperKahler 
metric on U{N) is indefinite; but Theorem above shows that U{N) 
has a definite HKT metric with D{2, 1; l)-symmetry. 

Remark 6.3. Suppose A^ is a QKT manifold constructed as the H*- 
quotient of an HKT manifold with D(2, 1; a)-symmetry as in Theo- 
rem The proof of Proposition ^T] shows that a'^ is determined by 
the HKT potential and is the horizontal part of up to a constant. 
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But that is also how g'^ is constructed. So has curvature metric 
proportional to and the construction in this section is inverse to 



that of Theorem 4.3 



Remark 6.4. In p| a construction similar to Theorem |6.1| is given, with 
different assumptions on the base and with the conclusion that ^.{N) 
is hyperKahler. The essential condition in is that dc^ should be 
of type (2, 2) for each I. The appendix of that paper contains a proof 
that this implies that the curvature metric is quaternionic Kahler. 

Ivanov showed that every metric g^ = e'^g^ conformal to a QKT 
metric g^ admits a QKT connection V^. The torsion-one form satisfies 
f = T — {2n + l)du, so ((7^, V^) is of instanton type if and only if 
[g^ , V^) is. One computes that 

^i{X,Y) = pi{X,Y) + {V''du){IX,Y) - (V^dM)(/r,X) 

- {JduAKdu){X,Y) 

and hence 

a« = a" + i(l + / + J + K)V''du + (6.1) 

We may use this result in several ways. Firstly, note that it shows 
that for a general QKT manifold N of instanton type, the curvature 
metric a"^ need not be proportional to g'^ . Secondly, if g^ has degen- 
erate curvature metric, then in a neighbourhood of any point we can 
choose u so that in (|6.1|) is non-degenerate. 



Proposition 6.5. Suppose N is a quaternionic manifold. Then lo- 
cally, N admits a positive definite QKT structure. 

Proof. Fix a volume form voIq on A^. Then there is a unique torsion- 
free quaternionic connection V" on N such that V°volo = 0. If the 
curvature metric (Tq is not positive definite, replace voIq be e^""volo for 
some function u; then ctq will change as in (|6.1| ) and we may choose u 
so that the curvature metric is positive definite in a neighbourhood of 
a given point. Now set g^ = . Since V° preserves voIq the bundle 
is an instanton and we may use g^ and V° to construct an HKT 
structure on XL{N) as in Theorem |0| . By Theorem we get a QKT 



structure on N which by Remark |6]^ has g^ as its metric, up to a 
constant scale. □ 
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